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Abstract: We compute the two-loop enhancement factors for our earlier one-loop
calculations of leading (1=Q) power corrections to the mean values of some event shape
variables in deep inelastic lepton scattering. The enhancement is found to be equal to
the universal \Milan factor" for those shape variables considered, provided the one-loop
calculation is performed in a particular way. As a result, the phenomenology of power
corrections to DIS event shapes remains largely unaected.
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In a recent paper [1] we presented a theoretical study of the leading power-suppressed
corrections to the mean values of various event-shape measures in deep inelastic scat-
tering (DIS). Our investigation was based on an analysis of one-loop Feynman graphs
containing a massive gluon, which probes the sensitivity of dierent observables to
long-distance physics [2, 3, 4] and is closely related to the analysis of infrared renor-




annihilation, the leading corrections to
DIS event shapes are normally of order 1=Q. This prediction has since been veried
experimentally [9].
By making the further assumption of universal low-energy behaviour of the strong
coupling, we also estimated the magnitudes of 1=Q corrections to event shapes in DIS




annihilation [10, 11]. Here the one-loop massive-
gluon analysis suers from some ambiguities and deciencies. The ambiguities arise
from the sensitivity of some event shapes to the way in which the gluon mass is included
in the denition of the shape variable, the phase space and the matrix elements. This
1
problem is related to the inadequacy of the massive-gluon approach pointed out by




annihilation cross section, for example,
event shapes are sensitive to the precise way in which a virtual gluon fragments into
observable particles. In other words, they are not suciently inclusive to be expressible
in terms of the distribution of an eectively massive gluon.




event shapes, however, the Mi-
lan group [13] has found that, for a wide class of shape variables, the eects of non-
inclusiveness amount simply to an enhancement of the \naive massive-gluon" estimate
of the 1=Q correction by a universal \Milan factor", with numerical value M ' 1:8.
The two-loop analysis also claried the way in which the gluon mass should be included
at the \naive" level, in order that universality should be manifest.
In the present paper we perform the same type of two-loop analysis for event shape
variables in DIS. We nd a universal enhancement of the 1=Q corrections to the current
jet thrust, mass and C-parameter, with the same enhancement factorM, provided the
\naive massive-gluon" estimate is computed in a particular way. This resolves the
ambiguities we encountered in the one-loop calculation of power corrections to certain
DIS shape variables.
In the case of the current jet broadening variable, which we also studied at one-loop
level in Ref. [1], there are additional complications arising from recoil contributions
[14], and therefore we postpone the two-loop analysis to a future publication.
The layout of the present paper is as follows. In Sect. 2 we dene convenient
kinematic variables for the study of multi-parton emission in DIS. These variables are
used in Sect. 3 to express the various event shape variables that we investigate. We
shall argue that the dominant two-loop contributions to the leading power correction
come from the kinematic region in which the emitted gluons are soft. The contributions
from this region are described in Sect. 4. Sect. 5 explains the `dispersive' method we
use to calculate the power corrections. The actual calculations are then performed in
Sect. 6, and nally the results are summarized and discussed in Sect. 7.
2. Kinematics
It is convenient to write the momenta k
i
of radiated partons (gluons and/or quark-























where P and P
0
are light-like vectors along the incoming parton and current directions,




















q) is the Bjorken variable.
Thus in the Breit frame we can write P =
1
2












Figure 1: Deep inelastic scattering with multi-parton emission.













The momenta p and p
0
of the initial- and nal-state quarks can also be resolved
along the Sudakov vectors P and P
0
. From momentum conservation,








































The initial quark is assumed to be collinear with the proton direction and is therefore
aligned along P . It may have an \intrinsic" transverse momentum of the order of





which we neglect. The nal quark momentum p
0
is mostly along P
0
; its component 
0
along P is small. In perturbation theory, 
0




) on the average, while
in the soft region (all k
ti




. When some emissions are hard





)=Q, which we also neglect. Thus, as far as =Q corrections are concerned, 
0
can be regarded as contributing only to the perturbative part of event shapes, and we
can compute the non-perturbative part from a study of the soft region alone.
In the soft region, the matrix elements for multi-parton emission in DIS will be








, with the outgoing antiquark replaced by an incoming quark of
momentum p. This means that we shall be able to take the results for various matrix




event shapes [13], adjusted according
to the denition of DIS event shapes.
3. DIS event shape variables
3.1. Current jet thrust
Consider rst the current jet thrust T
Q
, dened by the sum of longitudinal momenta




























We have assumed that the outgoing quark momentum p
0
lies in the current hemisphere,




), and the associated non-




)=Q, which we neglect. In










































Where not explicitly stated, the sums extend over all partons, irrespective of which
hemisphere they are in. Here the contribution of those partons that are not directly in
the current hemisphere represents the loss of momentum of the outgoing quark.
Note that the expression (3.2) is additive, in the following sense: the mean value of







for hard parton emissions, plus a non-perturbative contribution from soft emissions,










valid in the soft region, and added to the perturbative part.
If instead we measure the thrust with respect to an axis chosen to maximize its
value in the current hemisphere, we obtain the same expression in the soft region, since
the transverse contribution is of second order in the small quantities k
ti
=Q.
Another possible way of dening the current jet thrust is to normalize it to the total

















The quantity ", which we call the energy decit in the current hemisphere, is itself an










































3.2. Current jet mass

















































Once again we should ignore 
0



































annihilation, because of the normalization to (Q=2)
2
in place of Q
2
.
In the notation of Sect. 2, the general expression for the C-parameter is complicated,














which is again additive.
5
4. Soft two-loop contributions
Consider now the contribution to a shape variable V when two soft, not necessarily














































= z ; 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and  is an azimuthal angle. The contribution to the mean value of V from one or two































































(k) is the contribution to the shape variable from a (massless) parton of mo-






) is the corresponding two-parton contribution.
The rst term on the right-hand side of Eq. (4.3) represents the lowest-order contri-
bution of a single soft gluon (involving the ill-dened quantity 
s
(0)) plus the two-loop
virtual corrections to it. The second term represents the contribution from the emission
of two soft partons, M
F
etc. being the parts of the relevant matrix elements-squared
with the corresponding colour/avour factors. Both terms are divergent, but we can
rewrite V as sum of collinear and infrared nite parts by the following procedure.


















































The rst term denes the \naive massive-gluon" contribution, which treats the parton
emission inclusively. The rst expression in square brackets is the \non-inclusive"
correction [13]. The second square bracket denes what we shall call the \non-additive"
contribution.











) is somewhat ambiguous. It does not matter how we dene this








) in the soft






















































The rst term is the so-called \naive" contribution. It incorporates only those two-loop






































































v (;  = =) : (4.9)
The second term in Eq. (4.7) is the \inclusive" correction, which combines the
remaining non-Abelian part of the virtual correction with the corresponding \naive



































































The \non-inclusive" correction is the additive part of the remaining non-Abelian








































; z; ) (4.11)







































) ] : (4.12)
Note that the Abelian (C
2
F
) part of this contribution is cancelled by virtual corrections
[13].





















































































) ] : (4.14)



















5. Dispersive calculation of power corrections





can be dened down to arbitrarily low values of the scale k
2
and that it has reasonable
analytic properties, i.e. no singularities other than a cut along the negative real axis.




















where the spectral function 
s










































and then to study the eect of a non-perturbative modication to this function in the
soft region. We eliminate 
s


















  : : : : (5.3)
The appropriate scale for the argument of 
s
in this substitution is m
2
, since the two-
loop contribution in Eq. (4.8) generates the running coupling. We assume that the













































































Similarly we may dene F
in












































































































































































Non-perturbative eects at long distances are expected to give rise to a modication
in the strong coupling at low scales, 
s
, which generates a corresponding modication

















Inserting this in Eq. (5.7) and rotating the integration contour separately in the
































) is limited to low values of m
2
, the asymptotic behaviour of V at large
Q
2
is controlled by the behaviour of F() as  ! 0. We see from Eq. (5.11) that no
terms analytic at  = 0 can contribute to V. On the other hand for a square-root








































is a dierent quantity from the \eective coupling modication" 
e






























=, and all the even moments of 
e
are zero.
We can express A
1
in terms of the average value of 
s
in the infrared region, as




















represents the expression for 
s
corresponding to the part already included
in the perturbative prediction. As discussed in Ref. [17], if the perturbative calculation
9















































The constant k comes from a change of scheme from MS to the more physical scheme
[19] in which 
s
is preferably dened at low scales. Then above some infrared matching
scale 
I




























































































) dm : (5.19)




annihilation [10, 11] suggest that 
0
' 0:5 for 
I
= 2
GeV, which translates into a value of A
1
' 0:2 GeV for Q  20  100 GeV.
6. Power corrections to DIS event shapes
We now use the method of the previous section to evaluate the coecients of 1=Q for
the DIS shape variables dened in Sect. 3.
6.1. Current jet mass
Consider rst the current jet mass, which is given in the soft region by the simplest
expression, from Eq. (3.10):
v(; ) = (   ) : (6.1)








dropping all terms of order  (i.e. order 1=Q
2
).
In writing Eq. (6.1) we neglected the fact that the momentum fraction of the struck
quark is not x but x(1 + ). If we normalize to the Born cross section at xed x, this
means there should be an extra factor of q(x(1+))=q(x) on the right-hand side, where
q(x) is the relevant quark distribution. However, by Taylor expansion we see that this
factor only gives a correction of order , and so we may ignore it.
10










By simple dimensional analysis, the inclusive and non-inclusive corrections to the char-
















































































































m cos] : (6.8)




annihilation in Ref. [13]. As
explained above, the result for DIS will be identical in the soft region, and therefore












Since the contributions to the jet mass from multiple soft parton emission are simply
additive, see Eq. (3.9), there is no non-additive correction. The two-loop corrected









where M is the Milan factor computed in Ref. [13],










= 1:80 for n
f
= 3 : (6.11)
It follows from Eqs. (5.12) and (6.10) that the leading power correction to the mean













= 3 : (6.12)
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we note the following dierences:
 The rst moment of the eective coupling modication, A
1





is the rst moment of the modication to the strong coupling itself, in
accordance with Eq. (5.14).






This means that universality of 1=Q corrections still holds, in the sense that the coef-





annihilation, for example. Furthermore the numerical coecient of A
1
=Q is only
slightly higher than the coecient of A
1
=Q calculated earlier using the \naive massive
gluon" approximation, because the Milan factorM is largely cancelled by the transla-
tion factor of 2=. Thus experimental results [9] interpreted earlier as measurements
of A
1
using the \naive" formula can be reinterpreted as giving a similar value for A
1
,
taking into account the Milan and translation factors.
6.2. Current jet thrust




is the current jet thrust, we have from Eq. (3.3)
v(; ) = (   ) +  (  ) ; (6.14)
















Similarly, both the inclusive and non-inclusive corrections to the characteristic function
are twice as large as those for the jet mass, and again there is no non-additive part, so













= 3 ; (6.16)
to be compared with our earlier result of 4A
1
=Q in Ref. [1]. Once again the two-loop





As stated earlier, the above result for the 1=Q power correction (unlike the per-
turbative contribution) does not depend on whether the thrust is measured relative to
the current axis or an axis which maximizes its value. We also see from Eq. (3.7) that
the same leading power correction should be obtained if the thrust is normalized to
the total energy in the current hemisphere, instead of Q=2. This is because the mean
energy decit in the current hemisphere, ", dened in Eq. (3.5), should have no 1=Q
correction, since the two terms in Eq. (3.6) cancel on the average.
1
1







Similarly for the C-parameter (3.11), we have
v(; ) = 12

+ 
(   ) (6.17)




























= 3 ; (6.20)
Our one-loop result for C in Ref. [1] was ambiguous, since it depended on how the
















hCi 6   12 21.6






corrections to the DIS event shapes dened in Sect. 3
are summarized in Table 1. For all the shape variables





[13], the enhancement factor for the leading power cor-
rection is equal to the Milan factor (6.11), provided the
\naive" coecient is computed in the way specied in
Sect. 4. This eliminates the ambiguity in the prediction for the C-parameter, which
was present at the 1-loop level [1] as indicated.
In all cases the enhancement factor practically cancels the suppression factor of 2=
that comes from translating the rst moment of the eective coupling modication, A
1
,
into the corresponding quantity for the strong coupling itself, A
1
. This quantity can
be used to infer the value of 
0
, the low-energy moment of 
s
dened in Eq. (5.19).







tion [10, 11] suggest a value of 
0
' 0:5. Final experimental results on the C-parameter
in DIS have yet to be presented.
2




in Ref. [9]. For these quantities
the coecients used there to t the data were close to those given in Table 1.
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